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1 Right-angled 


tria ngles Exercise 4 

Find the unmarked angles and side lengths for 
each of the following three right-angled 
triangles. Give your answers to three 
significant figures (where they are not exact). 


Exercise 1 


(a) Convert the following angles from degrees 
to radians. 


(i) 36° (ii) 150° (iii) 450° 
(b) Convert the following angles from radians 
to degrees. 9 


(i) in (ii) 27 (iii) 137 AP a 


9 FI 12 A € 


(a) 


Exercise 2 
Express the answer to each of the following 
question parts in terms of 7. 12 


(a) Find the arc length of the following 


sectors of a circle. c T Pa 
(i) Radius 5 cm, angle of sector 


Z radians. 
(ii) Radius 10m, angle of sector C(1,1) B(9,1) 


27 
— radians. 
3 radians 


(iii) Radius 8cm, angle of sector 30°. 


(b) Find the perimeter of each sector in A(1, -3) 
part (a). 


(c) Find the area of each sector in part (a). 


Exercise 5 
Exercise 3 Use the identities 
For each of the triangles below, use sing 
Pythagoras’ theorem to calculate the exact añ code” 
length of the third side, and hence find exact 
values for the sine, cosine and tangent of each 
of the marked angles. 


cos = sin 
(a) (b) to show that 


2 t e 0) : 
an(—— 06) = : 
13 2 tan 0 


2 Trigonometric 
functions 


Exercise 6 


(a) For each of the following angles 
(measured in radians), determine in 
which quadrant it lies. 


02 @-2 wy = 
(wv) 


(b) Ilustrate each of your answers to part (a) 
by showing the location of the point P on 
the unit circle. 


(c) For each angle in part (a), write down an 
angle in the interval (—7, 7] that differs 
from the given angle by an integer 
multiple of 27, ensuring that your 
answers agree with your diagrams in 
part (b) above. 


Exercise 7 


Find the values, where they are defined, of 
the following, without using a calculator. 


ESE 


(b) sin(-37), cos(—37), tan(—3T) 


Exercise 8 


For each of the following angles, sketch the 
associated point P on the unit circle and find 
its coordinates. Hence find the sine, cosine 
and tangent of the angle. 


3 Sine and cosine rules 


T 5r 
(a) T6 (b) E 
Exercise 9 


Use the ASTC diagram and the special angles 
table to find the sine, cosine and tangent of 
each of the following angles. 

ƏT Ar 

6 3 


T 


(a) -E (0) 


Exercise 10 


Use the graphs of sine, cosine and tangent, 
and the special angles table, to confirm your 
answers to Exercise 9. 


Exercise 11 


Find all the solutions between —360° and 360° 
of the following equations. Give your answers 
both in degrees and radians. 

V3 


(b) cos9---- 


A 1 
(a) sind = 5 5 


Exercise 12 


Use the graph of the tangent function to find 
all the solutions between —7z and T of the 
equation tan 0 = 5, in radians to two decimal 
places. 


Exercise 13 
(a) Find all the solutions in the interval 
[—27r, 27] of the equation cos 0 = 0. 


(b) Find all the solutions in the interval 
[—7, 37] of the equation sin 0 = 1. 


3 Sine and cosine rules 


Exercise 14 

A triangle ABC has b = 9, A = 24° and 
C = 53° (where the sides and angles are 
labelled in accordance with Figure 44 in 
Subsection 3.1 of Unit 4). 


Find the other angle and the other side 
lengths, giving the side lengths to one decimal 
place. 


Exercise Booklet 4 


Exercise 15 


A triangle ABC has A = 75.4% a = 13.8 and 
b= 6.5 (where the sides and angles are 
labelled in accordance with Figure 44 in 
Subsection 3.1 of Unit 4). 


Use the sine rule to calculate the angle C, in 
degrees to two decimal places. 


Exercise 16 


(a) Given the information that a triangle 
ABC has b= 14, c = 7 and C = 20° 
(where the sides and angles are labelled 
in accordance with Figure 44 in 
Subsection 3.1 of Unit 4), find the 
possible values of the angle B, giving 
your answers to one decimal place. 


(b) Given the further piece of information 
that the longest side of the triangle is 
BC, find the other side length and other 
angles of the triangle. 


Exercise 17 
In this question give your answers to four 
decimal places. 


A triangle ABC has a = 4.6, b = 5.4 and 
C = 108° (where the sides and angles are 
labelled in accordance with Figure 44 in 
Subsection 3.1 of Unit 4). 


(a) Use the cosine rule to find c. 


(b) Use the sine rule to find the other two 
angles. 


Exercise 18 


A triangle ABC has a = 6, b = 14 and c= 11 
(where the sides and angles are labelled in 
accordance with Figure 44 in Subsection 3.1 
of Unit 4). 


Use the cosine rule to find the three angles of 
the triangle, to two decimal places. 


Exercise 19 


By using the formula area = sab sin C for the 
area of a triangle ABC, calculate the area of 
a regular hexagon with sides of length 8 cm. 
Give your answer to two decimal places. 


Exercise 20 


Without using a calculator, find the equation 
of the straight line through the point (5, 0) 


3 
that makes an angle of = with the positive 


x-axis. 


4 Further trigonometric 
identities 


Exercise 21 
Show that 


cos 6 = v1 — sin? 6 
if cos @ is positive and 
cos 9 = - V1 - sin? 0 


if cos 0 is negative. 


Exercise 22 


Where they are defined, and without using a 
calculator, find exact values for each of the 
following. 


la 


(b) cosec rr, sec m, cot 7 


(c) cosec (5), sec (5), cot (-5) 


Exercise 23 


Deduce each of the following trigonometric 
identities from an angle sum or angle 
difference identity. 


(a) sin(x — 7) = — sin x 


Exercise 24 


Using the angle sum identities for sine, cosine 
and tangent, and without using a calculator or 
a graph, find the exact values of the following. 


. (dr ƏT dr 
(a) sin (5) cos (5) and tan (5) 

. (dr 5r dr 
(b) sin (=). cos (=) and tan (=) 


Exercise 25 


Using your answers to Exercise 24, and 
without using a calculator, find the exact 
values of the following. 


Oe (=) (b) cos (=) 
a (=) (dido (=) 


Solutions to exercises 


Solutions to exercises 


Solution to Exercise 1 


(a) Applying the degrees to radians 
conversion formula gives the following. 


Gi) 36= (5 x 36) radians 


T a 
5 radians 


(ii) 150°= Ga x 150) radians 


5r 
BR 
G radlans 
(iii) 4502- (= x 450) radians 


5 
SL radians 
2 


(b) Applying the radians to degrees 
conversion formula gives the following. 


1 o 
(i) a radians = (= x 7) = 140° 


2 180 271” 
(ii) = radians = (= x =) = 120° 


13 180 1371” 
(iii) = radians = (= x =) = 195° 


Solution to Exercise 2 
(a) The arc length is given by the formula 
arc length = r9, 


where r is the radius of the circle and @ is 
the angle, measured in radians, 
subtended by the arc. 


5 
(i) Arc length = 5 x - = = cm. 
2 20 
(ii) Arc length = 10 x 2a 
3 3 
(iii) 30° = im x 30 = = ra 
Arc length = 8 x Bes ae 


6 3 
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(b) The perimeter is the sum of the arc 


length and two times the radius. 
5 
(i) Perimeter = (= + 10) cm 


5(7 + 12) 
ae oe 


2 
(ii) Perimeter = (= + 20) m 


- 20(7 +3) 
3 
HA : Ar 
(iii) Perimeter = E + 16) cm 
4 
= 4(m +12) CIL; 
3 
The area is given by the formula 


ma 
area = 519, 


where r is the radius of the circle and 0 is 
the angle of the sector measured in 


radians. 
1 25 

(i) Area = q x 25x 7 = (7) a 
1 2 100 

(ii) Area==x100x 2 =(=2) m? 
2 3 3 
1 T 167 

(iii) Area 5 X 64% ( 3 ) 


Solution to Exercise 3 


(a) 


In this triangle the hypotenuse is 13, the 
opposite side is 5 and the adjacent side is 
unknown. 


Using Pythagoras’ theorem gives 
5 + (unknown side)? = 13°. 
So 


(unknown side)? = 169 — 25 = 144 = 12?. 


So the unknown side has length 12. 
Call the marked angle 0. Then 


; opp_ 5 
sing = — = — 
hyp 13 

080 adj 12 
C z= — => — 
hyp 13 

opp 5 
tan = — = —. 
a ad” D 


(b) In this triangle the opposite side is 15 
and the adjacent side is 20. 


Using Pythagoras” theorem gives 
15? + 20? = hypotenuse?. 
So 
hypotenuse? = 225 + 400 = 625 = 25°, 
so the hypotenuse has length 25. 
Call the marked angle 0. Then 


F opp 15 3 
sin? = — = — = = 
hyp 25 5 
adj 20 4 
cos @ = — = — =- 
hyp 25 5 
1 
tan = Eta = = = a 
adj 20 4 


Solution to Exercise 4 


(Note that the symbol means ‘angle’. For 
example, ZA means the angle at vertex A.) 


(a) Since BC = 9 and ZA = 29°, we have 
ZB = 90° — 29° = 61° and 


AC = 9tan 61° = 16.2 (tó 3 s.f.) 
B = — = 18.6 (to 3 s.f.). 
(b) By Pythagoras’ Theorem, we have 
AB? = 16? + 12? = 400, 
so 
AB = V400 = 20. 


The sine of 7B is 
12 3 


20 5 
Applying the inverse sine function on a 
calculator to this value gives the result 
ZB = 36.9° (to 3 s.f.). 
Hence the remaining angle is given by 
ZA =90°— ZB = 53.1° (to 3 s.f.). 
(c) We have 
AC =1-(-3)=4 
and 
BC=9-1=8. 
Hence, by Pythagoras” theorem, 
AB? = 47 + 8? = 16 + 64 = 80, 
so 


AB = V80 = 8.94 (to 3 s.f.). 


Solutions to exercises 


The tangent of ZA is (111) 
8 
4 = we A 


Applying the inverse tangent function on 
a Calculator to this value gives the result 


ZA = 63.4° (to 3 s.f.). 
Hence the remaining angle is given by 


ZB = 90°— ZA = 26.6° (to 3 s.f.). 


Solution to Exercise 5 


sin To ] 
tan e — 9) = an (iv) 
~ 
sin 0 
1 
~ tand 


Solution to Exercise 6 


(a) (i) Fourth quadrant 4 
(ii) Second quadrant 
(iii) First quadrant 
(iv) Fourth quadrant (c) (i) -7 differs from itself by an integer 
(b) (i) multiple of 27. 
5 7 
A (ii) % differs from —— by an integer 
multiple of 27. 
saga M oia 177 , 
(iii) = differs from —— by an integer 
To multiple of 27. 
y T ag 237 ; 
T (iv) = differs from a by an integer 
B multiple of 27. 
Solution to Exercise 7 
om. T i 
(ii) (a) —— differs from - by an integer 


multiple of 27. So 


tan (-=) = tan > is not defined. 


(b) -3r differs from 7 by an integer multiple 


of 27. So 
sin(—37) = sina = 0, 
cos(—37) = cosr = -1, 
tan(—37) = tana = 0. 
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Solution to Exercise 8 and the length of its vertical side is 


(a) ia A 
a 


So the coordinates of P are 


Ee) 


N Hence 
san.” 1 
a 
ory) . of 
a 
OT 1 1 
The right-angled triangle in the diagram vat (=) = (-5) / (-=) cd 
has acute angle 1/6 at the origin. Hence 
the length of its horizontal side is Solution to Exercise 9 
Tm V3 (a) The answers to this part should match 
"a. a those to Exercise 8(a) above. 
and the length of its vertical side is 
st. 1 | 
sing = 5: 


So the coordinates of P are 


P 
Hence 
( 1 
sin(--|---, 
2 
3 . : 
cos (-=) = Since —7/6 is a fourth-quadrant angle, its 
sine and tangent are negative and its 
tan (-3) = -3) v3 CH cosine is positive. Hence 
6 2 2 V3 ( a T 1 
sin(--|--sin----, 
(b) 6 6 2 
cos (2) = cos E L 
== = COS — = — 
A 6 6 2” 
è ( al , T 1 
an[—->) = tan = = ——.. 
6) 5 3 
i (b) 
A 
P 
P 


The right-angled triangle in the diagram 
has acute angle 7/4 at the origin. Hence 
the length of its horizontal side is 


T 1 
cos — = —= 


4 y2 


Solutions to exercises 


Since 57/6 is a second-quadrant angle, its Solution to Exercise 10 
cosine and tangent are negative and its (a) 
sine is positive. Hence 
. 5r .T di a 
sin (=) ma sin 6 
TN To V3 
cos ($£) = coss 5? 
TN T 1 
tan (=) = -tag = TA 


| | 
| | 
P | | 
| | > 
-T | | T 0 
| | 
Since 47/3 is a third-quadrant angle, its | | 
sine and cosine are negative and its 
tangent is positive. Hence 
if de a WE The symmetry of the graphs gives 
sin = — s5 = , . T . T 1 
3 3 2 sin (-=) = —sin>==-—=, 
6 6 2 
4r T 1 
cos (7) ==008 3 = 5, mi a 
a 6 6 2” 
tan (=) = tan Z = v3 o 


10 
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(b) (c) 


sin0, sina 


tan 94 


| | 

| | 

| | 

| | 

| | 5 
3 3 


The symmetry of the graphs gives 


(Ar . T V3 
sin | — —sin = = ——_, 
3 3 2 

T 

3 


1 
One solution of the equation sin? = - is 


1 
0 = sin! (5) = a 


By the symmetry of the graph, for 0 
between —27 and 27, the solutions are 


lla TIT T om 
d= gi et 6 and a 
That is, the solutions between —360° and 
360° are 


6 = —330°, —210°, 30° and 150° 


A solution of the equation 


V3 


sp += 
COS 5) 


is 


V3 T 
e cull =L 
0 = cos E a 


By the symmetry of the graph, for 0 
between —27 and 27, the solutions of the 


equation 
V3 
cos 0 = ——— 
2 
are 
pa TT ba 5a Tm 
6 6 6 6 


That is, the solutions between —360° and 
360° are 


0 = —210°, - 150, 150° and 210°. 


Solution to Exercise 12 


tan 04 
54 


One solution of the equation tan 0 = 5 is 


@-tan 15-1.373400.... 


Solutions to exercises 


This solution is between —T and 7. 


By the symmetry of the graph, there is a 
second solution between —z and 7, namely 


0 = (tan”! 5) — m = —1.768191.... 


So, in the interval —7z to 7, the solutions are 


0 = 1.37 and — 1.77 (to 2 d.p.). 


Solution to Exercise 13 


(a) 


cos OA 


The graph shows that the solutions in the 
given interval are 


37 T T 3T 
=—, ——, — and —. 
2 2. 2 2 


The graph shows that the solutions in the 
given interval are 
T OT 


7 and 7" 


Solution to Exercise 14 


We have b = 9, A = 24° and C = 53°. The 
third angle of the triangle is 
B = 180° — 24° — 53° = 103°. 
By the sine rule, the remaining side lengths 
are 
- bsinA 9sin24 
= sinB sin 103° 
bsinC”” 9sin 53° 
CH Hi = ee 
Hence, in the triangle ABC, we have a - 3.8, 
b=9,c=7.4, A = 24°, B = 103° and 
C = 53°. 


= 3.8 (to 1 d.p.) 


11 
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Solution to Exercise 15 


The sine rule gives 
sin75.4° sinB 
138 6.5 
So 


6.5 x sin 75.4 
aa 13.8 


Now 
PEPE (= x sin 75.4 
sin — 


= 271167... 
13.8 ) 


so 
BET lia. 
or 
B = 180° — 27.1167 . . .° = 152.8832.. .°. 


However b < a, so B must be smaller than A. 
Hence B = 27.1167 ...°. So 


C = 180° — 75.4°— 27.1167.. .° 
= 77.48° (to 2 d.p.). 


Solution to Exercise 16 


(a) By the sine rule, 


sinB = bsinC 
Cc 
B 14 sin 20° 
H 7 
= 0.6840.... 


This gives the possible solutions 
B = sin ' (0.684040...) 
= 43.1601...° 
= 43.2° (to 1 d.p.) 
and 
B = 180” — 43.2? = 136.8? (to 1 d.p.). 


(b) Given that BC, of length a, is the longest 
side of the triangle, A must be the largest 
angle of the triangle. This rules out the 
possibility that B = 136.8? (to 1 d.p.), 
which would make B, rather than A, the 
largest angle. This means that B = 43.2 
(to 1 d.p.), so that 


A = 180° — 20° — 43.1601...° 
= 116.8398...° 
= 116.8 (to 1 d.p.). 


12 


The only further value required is that 
of a, which is given by 
csin A 
sin C 
_ 7sin116.8398...” 
E sin 20° 
= 18.3 (to 1 d.p.). 


Solution to Exercise 17 
(a) Using the cosine rule in the form 
c? = a? + b* — 2ab cos C 
gives 
c? = 4.6" + 5.4 — 2 x 4.6 x 5.4cos 108°. 
This gives c = /65.67196.... 
So c = 8.10382... = 8.1038 (to 4 d.p.). 


(b) Since C > 90°, both A and B must be 
less than 90°. The sine rule gives 
snA sinB sin108° 
46 5.4 8.1038... 
So 


4.6 x sin 108? 

8.1038... 
which gives A = 32.6735° (to 4 d.p.), and 
5.4 x sin 108? 

8.1038... 
which gives B = 39.3265° (to 4 d.p.). 
(A quick check shows that the angles add 
up to 180°.) 


sin A = 


sin B = 


Solution to Exercise 18 


Applying the cosine rule in the form 


b? + e? — a? 


A = —____, 
COS bc 
gives 
14? + 11? — 6? 
cos A = ren. - 0.912337..., 
2x14x11 
so 
A = cos 71(0.912 337...) 


= 24.1695.. .° 
= 24.17° (to 2 d.p). 


Applying the cosine rule in the form 


ote or 


B= ==, 
COS Jac 
gives 
O = 12 
ape ee -0.295454..., 
2x6x11 


SO 


B- cos *(—0.295454...) 
= 107.1847.. ° 
= 107.18° (to 2 d.p). 


The remaining angle, C, could also be found 
by applying the cosine rule. However, it is 
quicker to note that 


C =180°- A-B 
= 180° — 24.1695 . . .° — 107.1847...° 
= 48.65° (to 2 d.p). 


Solution to Exercise 19 


A regular hexagon can be divided into exactly 
6 equilateral triangles with sides of length 
8cm and each angle 60°, 


So the area of the hexagon is 


6x3x8x8x sin 60? 
= 192 sin 60° 

= 96V3 

= 166.28 cm? (to 2 d.p.). 


Solution to Exercise 20 


The equation is y = ma + c, where the 
gradient m is given by 


ta an 1 
m = tan | — | =-—1. 
4 


So the equation is y = —1 + c. 


The coordinates (5,0) satisfy this equation, 
and substituting them in gives 


0=-5+c¢, so c=0. 
The equation of the line is therefore 
Yy=-2+0. 
Solution to Exercise 21 
The identity 
sin? 0 + cos? 0-1 
can be rewritten as 
cos 0 = LV] - sin?9 


So if cos 0 is positive, then 


cos 9 = +V 1 - sin? 9, 
and if cos 0 is negative, then 


cos9- — y 1 — sin? O. 


Solutions to exercises 
Solution to Exercise 22 


3 3 
(a) sin (=) = —1 and cos (=) = 0.50 
2 2 
cosec a E See 
Bl a (=) oi 
sin 


sec (=) is not defined, 


2 a IT -1 
ab A 
2 
(b) sina = 0 and cosa = —1, so 
cosec T is not defined, 
1 1 
sec T = =— = =], 
cosm -1 


cot 7 is not defined. 


(c) Since 37/2 and —7/2 differ by 27, the 
answers to this part are the same as the 
answers to part (a). That is, 


-a 
cosec |==] = — 
2 ’ 


sec (-5) is not defined, 


Solution to Exercise 23 
(a) By the angle difference identity for sine, 
sin(x - T) = sina x cos T - cos xt X sin T. 
Also cos” = —1 and sina = 0. So 
sin(x — 7) = —sinz. 
(b) By the angle sum identity for sine, 
sin 6 + 5) = sin x cos 5 + cos sin 5- 
Also cos 5 = 0 and sin 5 = 1. So 


` vil 
sin (z + 5) = GÖST: 


(c) By the angle sum identity for cosine, 


cos(x + T) = cos g cos T — sin g sin T. 
Also cosa = —1 and sinr = 0. So 
cos(x + T) = — cos z. 


13 
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(d) By the angle sum identity for tangent, 
t t 
al A 
1 — tan x x tana 
But tana = 0. So 


tanx 


tan(x + T) = = tanp. 


Solution to Exercise 24 
(a) Let A = - and B = T Then 


T T 5r 
ABe a 
Also 
T 1 T 1 
sin = = 5, ang = ag? 
eee cos a 
6 a 4 O 
tan 5 = a, q md 
So 
: 5r TT T T. T 
sın (=) AM OS T 
EO Me E 
2  f/2 2 2 
1443 
a 
= 3 (v2+v8), 
oT T T . T, T 
COS (=) = COS a cos 17 sin 6 sin y 
V3 1 4. 1 
o Aa? fa 
ES 
= na 
TED] 


14 


tant + tan Ž 

5 ant an — 

tan 1 = 6 4 
12 


1+ V3) (V3+1) 


(131) (V3+1) 
1 


(b) We have 


5T T 
4 4 
Also 


sin(1) = 0, cos(r) = —1, tan(1) = 0 


and 


. (=) š T >. 
sin | — |] = sin T cos — + COS T SIN — 
4 4 
-0-1x : 
V2 
1 v2 


ER 


5r T y aT 
cos | — | = cos mT cos - — sin Tsin — 
4 4 4 


1 
= —1 x —=-0 


v2 


ie tan m + tan 7 
T a 
1 — tan 7 tan 2 


0+1 
== ei 
1-0 


(Alternatively, since 


sin 0 
tan = —, 
cos 9 


Solution to Exercise 25 
(a) By a half-angle identity, 


(E) =i) 


1 
2 
1 
= z (2+ v2). 
4 
5 5 
Now 0 < ŽE <x, so sin (=) >0. 


Hence 


NG BITE 


=E E) 


ih Y 
=o 2 
1 
=D 2). 
¡PY 
5r 5r 
Now - — : 
ow T< Em so cos (E) <0 
Hence 
57 1 
LA meer ka. BO 2) 
cos (=) z (2-v2 
1 


Solutions to exercises 


(c) By a half-angle identity, 
(ag) 
4g) 
ee) 
= i (4- v6 + v2). 
sin (57) = 5 (4- v6 + v2) 


=x (8 8 — 2v6 + 2v2) 
7 V8 2v6 + 2V2. 


(d) By a half-angle identity, 
OT 1 oT 
2 pase = 
COS ka 5 (11005(5)) 
1 1 
=a (1+ 5 (ve- v3)) 


= (4+ vē- v2). 


8 + 2/6 — 242. 
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